
Chapter 4

Representing Functions

4.1 Robinson Arithmetic

We start by describing a first order theory called Robinson Arithmetic.

Definition 1.1: Robinson Arithmetic

The signature of the language is LA “ t0, S, `, ¨u where

˝ 0 is a constant symbol,

˝ S is a unary function symbola,

˝ ` and ¨ are binary function symbolsb.

The axioms are

axiom 1. @x Sx ‰ 0

axiom 2. @x Dy px ‰ 0 Ñ Sy “ xq

axiom 3. @x @y pSx “ Sy Ñ x “ yq

axiom 4. @x x`0 “ x

axiom 5. @x @y
´
x`Sy “ Spx`yq

¯

axiom 6. @x x¨0 “ 0

axiom 7. @x @y
´
x¨Sy “ px¨yq`x

¯

a
for any terms of LA t, we use the notation St instead of Sptq.

b
for any terms of LA t0, t1, we use the notation t0`t1 (respectively t0¨t1) instead of `pt0, t1q (respectively

¨pt0, t1q).
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Example 1.1

The standard model of Robinson Arithmetic is

→N, 0, S, `, ¨↑

where S is the successor function, ` is the usual addition, and ¨ is the customary multi-
plication.
By abuse of notation we identify N with the model →N, 0, S, `, ¨↑. So that, for instance, we
will write

N |ù ω

instead of the correct notation
→N, 0, S, `, ¨↑ |ù ω.

Example 1.2

A very simple non standard model of Robinson arithmetic M in which

˝ SM admits a fixed point.

˝ ¨
M is not commutative.

M “ →N Y tau, 0M, SM, `
M, ¨

M↑

Where 0M
“ 0 and the operations SM, `

M, ¨
M are defined the usual way on the integers.

i.e

˝ SM
æ N “ S ˝ `

M
æ N ˆ N “ ` ˝ ¨

M
æ N ˆ N “ ¨

And when the unique non standard integer a is involved:

˝ SMa “ a

˝ a`
Mε “ ε`

Ma “ a (any ε P N Y tau)

˝ a¨
M0 “ 0

˝ ε¨
Ma “ a (any ε P N Y tau)

˝ a¨
Mε “ a (any ε P

`
N⊋ t0u

˘
Y tau)

We verify that
M |ù Rob.
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axiom 1. since the only non standard integer verifies SMa “ a we have

M |ù @x Sx ‰ 0

axiom 2. since every standard integer di!erent from 0 has a predecessor, and SMa “ a,
we have

M |ù @x Dy px ‰ 0 Ñ Sy “ xq

axiom 3. holds for standard integers, and for every n P N we have SMa ‰ SMn, thus

M |ù @x @y pSx “ Sy Ñ x “ yq

axiom 4. holds for standard integers, and we have a`
M0 “ a, hence

M |ù @x x`0 “ x

axiom 5. if k, n P N, then k`
MSMn “ SM

pk`
Mnq holds. If ε P N Y tau, we have

˝ a`
MSMε “ a

˝ SM
pa`

Mεq “ SMa “ a

˝ ε`
MSMa “ ε`

Ma “ a

˝ SM
pε`

Maq “ SMa “ a

therefore we have
M |ù @x @y

´
x`Sy “ Spx`yq

¯
.

axiom 6. if ε P N Y tau, we have ε¨
M0 “ 0. Thus

M |ù @x x¨0 “ 0

axiom 7. if k, n P N and ε P N Y tau, then

˝ a¨
MSMε “ a

˝ ε¨
MSMa “ a

˝ pa¨
Mεq`

Ma “ a

˝ pε¨
Maq`

Mε “ a

˝ k¨
MSMn “ pk¨

Mnq`
Mk

so we have

M |ù @x @y
´
x¨Sy “ px¨yq`x

¯
.
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Notation 1.1

For any integer n, we write n for the LA-term S . . . Sloomoon
n

0.

Example 1.3

Let us show that the following holds for all integers k:

Rob. $c @x
`
0`x “ k !Ñ x “ k

˘
(4.1)

We will make use of the excluded middle:

$c @x
`
x “ 0 _ x ‰ 0

˘

and distinguish between the two cases.
The proof is by induction on k:

if k “ 0:

if x “ 0: since $c 0 “ 0 holds, we obtain

Rob. $c 0`0 “ 0 !Ñ 0 “ 0

if x ‰ 0: by 2 @x Dy px ‰ 0 Ñ Sy “ xq it is enough to show

Rob. $c @y
`
0`Sy “ 0 !Ñ Sy “ 0

˘

by 5 @x @y
`
x`Sy “ Spx`yq

˘
this comes down to establishing

Rob. $c @y
`
Sp0`yq “ 0 !Ñ Sy “ 0

˘

which is immediate by 1 @x Sx ‰ 0 .

if k “ n ` 1:

if x “ 0: we need to show

Rob. $c 0`0 “ n ` 1 !Ñ 0 “ n ` 1.
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By 4 @x x`0 “ x this comes down to showing

Rob. $c 0 “ n ` 1 !Ñ 0 “ n ` 1;

which obviously holds since the following already holds:

$c 0 “ n ` 1 !Ñ 0 “ n ` 1.

if x ‰ 0: by 2 @x Dy px ‰ 0 Ñ Sy “ xq it is enough to show

Rob. $c @y
`
0`Sy “ n ` 1 !Ñ Sy “ n ` 1

˘

by 5 @x @y
`
x`Sy “ Spx`yq

˘
this comes down to establishing

Rob. $c @y
`
Sp0`yq “ n ` 1 !Ñ Sy “ n ` 1

˘

which is exactly

Rob. $c @y
`
Sp0`yq “ Sn !Ñ Sy “ Sn

˘

by 3 @x @y pSx “ Sy Ñ x “ yq this amounts to showing

Rob. $c @y
`
0`y “ n !Ñ Sy “ Sn

˘
.

The induction hypothesis gives

Rob. $c @y
`
0`y “ n !Ñ y “ n

˘

from where we immediately get what we want.

Example 1.4

Let us show that the following holds for all integers k:

Rob. $c @x@y
`
Sy`x “ k !Ñ Spy`xq “ k

˘
. (4.2)

We make use of the excluded middle:

$c @x
`
x “ 0 _ x ‰ 0

˘

and distinguish between the two cases.
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if x “ 0: we need to show

Rob. $c @y
`
Sy`0 “ k !Ñ Spy`0q “ k

˘

which is immediate by 4 @x x`0 “ x .

if x ‰ 0: it is enough to show

Rob. $c @y@z
`
Sy`Sz “ k !Ñ Spy`Szq “ k

˘
.

The proof goes by induction on k:

if k “ 0: we need to show

Rob. $c @y@z
`
Sy`Sz “ 0 !Ñ Spy`Szq “ 0

˘
.

By 5 @x @y
`
x`Sy “ Spx`yq

˘
this comes down to

Rob. $c @y@z
`
SpSy`zq “ 0 !Ñ Spy`Szq “ 0

˘

which trivially holds by 1 @x Sx ‰ 0 .

if k “ n ` 1: we need to show

Rob. $c @y@z
`
Sy`Sz “ n ` 1 !Ñ Spy`Szq “ n ` 1

˘
.

By 5 @x @y
`
x`Sy “ Spx`yq

˘
this comes down to

Rob. $c @y@z
`
SpSy`zq “ Sn !Ñ Spy`Szq “ n ` 1

˘
.

By 3 @x @y pSx “ Sy Ñ x “ yq this amounts to proving

Rob. $c @y@z
`
Sy`z “ n !Ñ Spy`Szq “ n ` 1

˘
.

if z “ 0: we need to show

Rob. $c @y
`
Sy`0 “ n !Ñ Spy`S0q “ n ` 1

˘
.

By 4 @x x`0 “ x and 5 @x @y
`
x`Sy “ Spx`yq

˘
this comes down

to showing
Rob. $c @y

`
Sy “ n !Ñ SSy “ n ` 1

˘
.

which holds by definition.
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if z ‰ 0: what we need to prove is equivalent to

Rob. $c @y@z1
`
Sy`Sz1

“ n !Ñ Spy`SSz1
q “ n ` 1

˘
.

By 3 @x @y pSx “ Sy Ñ x “ yq this comes down to showing

Rob. $c @y@z1
`
Sy`Sz1

“ n !Ñ y`SSz1
“ n

˘
.

The induction hypothesis yields

Rob. $c @y@z1
`
Sy`Sz1

“ n !Ñ Spy`Sz1
q “ n

˘
.

from where we easily get the result by 5 @x @y
`
x`Sy “ Spx`yq

˘
.

4.2 Representable Functions

Definition 2.1

Let f P NpNn
q and ωpx0, x1, . . . , xnq be any LA-formula whose free variables are among

tx0, x1, . . . , xnu.
ωpx0, x1, . . . , xnq represents the function f if for all i1, . . . , in P N

Rob. $c @x0

´
fpi1, . . . , inq “ x0 "Ñ ωpx0, i1, . . . , inq

¯
.

Definition 2.2

Let A # Nn and ωpx1, . . . , xnq be any LA-formula whose free variables are among tx1, . . . , xnu.
ωpx1, . . . , xnq represents the set A if for all i1, . . . , in P N we have:

˝ if pi1, . . . , inq P A, then Rob. $c ω
`
i1, . . . , in

˘
;

˝ if pi1, . . . , inq R A, then Rob. $c $ω
`
i1, . . . , in

˘
.

Proposition 2.1

For any A # Nn,

A is representable if and only if ϑA is representable.
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Proof of Proposition 2.1:

(ñ) If A is represented by ωpx1, . . . , xnq, then ϑA is represented by

`
x0 “ 1 ^ ωpx1, . . . , xnq

˘
_

`
x0 “ 0 ^ $ωpx1, . . . , xnq

˘
.

(%) If ϑA is represented by ωpx0, x1, . . . , xnq, then A is represented by

ωpS0, x1, . . . , xnq.

Example 2.1

The constant function f P NpNn
q defined by fpi1, . . . , inq “ k (any i1, . . . , in P N) is repre-

sented by the following formula of the form ωpx0, i1, . . . , inq:

x0 “ k.

It is enough to verify

Rob. $c @x0

´
fpi1, . . . , inq “ x0 "Ñ x0 “ k

¯
.

which is exactly

Rob. $c @x0

´
k “ x0 "Ñ x0 “ k

¯
.

Example 2.2

The projection ϖn
j P NpNn

qis represented by the formula:

x0 “ ij .

It is enough to verify

Rob. $c @x0

´
ϖn
j pi1, . . . , inq “ x0 "Ñ x0 “ ij

¯
.
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i.e.,

Rob. $c @x0

´
ij “ x0 "Ñ x0 “ ij

¯
.

Example 2.3

The successor S P NN is represented by the formula:

x0 “ Sx1.

It is enough to verify

Rob. $c @x0

´
Spiq “ x0 "Ñ x0 “ Si

¯
.

i.e.,

Rob. $c @x0

´
S

ihkkikkj
S . . . S 0 “ x0 "Ñ x0 “

i`1hkkikkj
S . . . S 0

¯
.

Example 2.4

The addition ` P NpN2
q is represented by the formula:

x0 “ x1`x2.

It is enough to verify

Rob. $c @x0

´
i1 ` i2 “ x0 "Ñ x0 “ i1`i2

¯
(4.3)

The proof is by induction on i2:

i2 “ 0 because of 4 @x x`0 “ x we have

Rob. $c @x0

´
i1 “ x0 "Ñ x0 “ i1`0

¯

which is
Rob. $c @x0

´
i1 ` 0 “ x0 "Ñ x0 “ i1`0

¯
.
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i2 “ i ` 1 by 5 @x @y
`
x`Sy “ Spx`yq

˘
we have

Rob. $c @x0

´
Spi1`iq “ x0 "Ñ x0 “ i1`Si

¯

The induction hypothesis yields

Rob. $c @x0

´
i1 ` i “ x0 "Ñ x0 “ i1`i

¯

hence we obtain

Rob. $c @x0

´
Spi1 ` iq “ x0 "Ñ x0 “ i1`Si

¯

by the very definition of the terms involved we finally have

Rob. $c @x0

´
i1 ` pi ` 1q “ x0 "Ñ x0 “ i1`pi ` 1q

¯
.

Example 2.5

The multiplication ¨ P NpN2
q is represented by the formula:

x0 “ x1¨x2.

It is enough to verify

Rob. $c @x0

´
i1 ¨ i2 “ x0 "Ñ x0 “ i1¨i2

¯
. (4.4)

The proof is by induction on i2:

i2 “ 0

because of 6 @x x¨0 “ 0 we have

Rob. $c @x0

´
0 “ x0 "Ñ x0 “ i1¨0

¯

which is
Rob. $c @x0

´
i1 ¨ 0 “ x0 "Ñ x0 “ i1¨0

¯
.

i2 “ i ` 1
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by 7 @x @y
`
x¨Sy “ px¨yq`x

˘
we have

Rob. $c @x0

´
i1¨Si “ x0 "Ñ x0 “ pi1¨iq`i1

¯

which is exactly

Rob. $c @x0

´
i1¨pi ` 1q “ x0 "Ñ x0 “ pi1¨iq`i1

¯

The induction hypothesis yields

Rob. $c @x0

´
i1 ¨ i “ x0 "Ñ x0 “ i1¨i

¯

so we have
Rob. $c @x0

´
i1¨pi ` 1q “ x0 "Ñ x0 “ pi1 ¨ iq`i1

¯

by 7 @x @y
`
x¨Sy “ px¨yq`x

˘
and (4.3) we have

Rob. $c @x0

´
pi1 ¨ iq ` i1 “ x0 "Ñ x0 “ pi1 ¨ iq`i1

¯

which is exactly

Rob. $c @x0

´
i1 ¨ pi ` 1q “ x0 "Ñ x0 “ pi1 ¨ iq`i1

¯

and we finally obtain

Rob. $c @x0

´
i1 ¨ pi ` 1q “ x0 "Ñ x0 “ i1¨pi ` 1q

¯
.

Lemma 2.1

The set of representable functions is closed under composition.

Proof of Lemma 2.1:

Assume f1, . . . , fn P NpNp
q and g P NpNn

q are represented respectively by

ωf1px0, x1, . . . , xpq, . . . , ωfnpx0, x1, . . . , xpq



112 Gödel & Recursivity

and ωgpx0, x1, . . . , xnq. i.e., we have for all integers i1, . . . , ip, k1, . . . , kn and 1 & j & n:

Rob. $c @x0

´
fjpi1, . . . , ipq “ x0 "Ñ ωfj px0, i1, . . . , ipq

¯

and
Rob. $c @x0

´
gpk1, . . . , knq “ x0 "Ñ ωgpx0, k1, . . . , knq

¯
.

The function
h “ gpf1, . . . , fnq P NpNp

q

defined by
hpi1, . . . , ipq “ g

`
f1pi1, . . . , ipq, . . . , fnpi1, . . . , ipq

˘

is represented by

ωhpx0, x1, . . . , xpq “ Dy1 Dy2 . . . Dyn
´ !

1!j!n

ωfj pyj , x1, . . . , xpq ^ ωgpx0, y1, . . . , ynq

¯
.

Indeed, by the very definition of h for every i1, . . . , ip P N we have

$c @x0

ˆ
hpi1, . . . , ipq “ x0 "Ñ Dy1 Dy2 . . . Dyn

´ "
1!j!n fjpi1, . . . , ipq “ yj ^ gpy1, . . . , ynq “ x0

¯˙
.

Therefore

Rob. $c @x0

ˆ
hpi1, . . . , i1q “ x0 "Ñ Dy1 Dy2 . . . Dyn

´ "
1!j!n ωfj pyj , i1, . . . , i1q ^ ωgpx0, y1, . . . , ynq

¯˙
.

We now turn to minimisation. We need to prove that if A # Nn`1 is representable and f P NpNn
q

is some total function defined by minimisation the following way:

fpi1, . . . , inq “ µk pk, i1, . . . , inq P A,

then f is representable.

This proof requires some good amount of preliminary work.

Example 2.6

We first notice that

˝ for all non-zero integer i the following holds

Rob. $c i ‰ 0. (4.5)
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To see this, let i “ j ` 1, by the very definition of the terms involved we have

$c i “ Sj

hence by 1 @x Sx ‰ 0 we obtain

Rob. $c Sj ‰ 0

which gives the result.

˝ for all integers i, j such that i ‰ j the following holds

Rob. $c i ‰ j. (4.6)

the proof is by induction on minti, ju:

minti, ju “ 0 : this is case 4.5 Rob. $c i ‰ 0 for all i P N, i ‰ 0 .

minti, ju ’ 0 : set k ` 1 “ i and n ` 1 “ j.

By 3 @x @y pSx “ Sy Ñ x “ yq we have

Rob. $c @x @y px ‰ y Ñ Sx ‰ Syq.

so that we easily obtain

Rob. $c k ‰ n Ñ Sk ‰ Sn

which is precisely
Rob. $c k ‰ n Ñ k ` 1 ‰ n ` 1

i.e.,
Rob. $c k ‰ n Ñ i ‰ j.

By induction hypothesis we have

Rob. $c k ‰ n,

therefore by modus ponens we finally get

Rob. $c i ‰ j.

˝ The following holds

Rob. $c @x@y
`
y ‰ 0 !Ñ x`y ‰ 0

˘
. (4.7)
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By 2 @x Dy px ‰ 0 Ñ Sy “ xq and 5 @x @y
`
x`Sy “ Spx`yq

˘
and

1 @x Sx ‰ 0 we obtain

Rob. $c @x@yDz
´
y ‰ 0 !Ñ py “ Sz ^ x`Sz “ Spx`zq ^ Spx`zq ‰ 0

˘¯

which immediately yields the result.

˝ The following holds

Rob. $c @x@y
´
x`y “ 0 !Ñ px “ 0 ^ y “ 0q

¯
. (4.8)

By previous result 4.7 Rob. $c @x@y
`
y ‰ 0 !Ñ x`y ‰ 0

˘
we see that

Rob. $c @x@y
`
x`y “ 0 !Ñ y “ 0

˘
.

and by 4 @x x`0 “ x we obtain immediately the result.

Notation 2.1

We introduce “ x & z” to abbreviate the formula “ Dy y`x “ z”. We also introduce “
x ( z” for the formula “ Dy

`
y`x “ z ^ x ‰ z

˘
”.

Example 2.7

We establish
Rob. $c @x $x ( 0 (4.9)

We recall that x ( y stands for “ Dz
`
z`x “ y ^ x ‰ y

˘
”.

So we need to prove
Rob. $c @x $Dz

`
z`x “ 0 ^ x ‰ 0

˘

which is
Rob. $c @x @z

`
z`x ‰ 0 _ x “ 0

˘
.

This is logically equivalent to

Rob. $c @x @z
`
z`x “ 0 !Ñ x “ 0

˘
.
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Which is also logically equivalent to 4.7 Rob. $c @x@y
`
y ‰ 0 !Ñ x`y ‰ 0

˘
.

Example 2.8

For all integers n the following holds:

Rob. $c @x
”
x & n "Ñ

`
x “ 0 _ x “ S0 _ . . . _ x “ n

˘ı
. (4.10)

The direction ("!)

Rob. $c @x
´`

x “ 0 _ x “ S0 _ . . . _ x “ n
˘

!Ñ x & n
¯

First, by making use of 4 @x x`0 “ x and 5 @x @y
`
x`Sy “ Spx`yq

˘
, the very

definition of k “ S . . . Sloomoon
k

0 and “ x & z”:= “Dy
`
y`x “ z ^ x ‰ z

˘
”, it is straightforward

to establish by induction on n

Rob. $c @x
”`

x “ 0 _ x “ S0 _ . . . _ x “ n
˘

!Ñ Dy
`
y`x “ n

˘ı
.

So it only remains to prove the direction (!Ñ)

Rob. $c @x
”
x & n !Ñ

`
x “ 0 _ x “ S0 _ . . . _ x “ n

˘ı

.
The proof is by induction on n:

n “ 0 : we need to show
Rob. $c @x

`
x & 0 !Ñ x “ 0

˘

which is
Rob. $c @x

`
Dy y`x “ 0 !Ñ x “ 0

˘

i.e.,
Rob. $c @x

`
$Dy y`x “ 0 _ x “ 0

˘

i.e.,
Rob. $c @x

`
@y y`x ‰ 0 _ x “ 0

˘

i.e.,
Rob. $c @x@y

`
y`x ‰ 0 _ x “ 0

˘

i.e.,
Rob. $c @x@y

`
y`x “ 0 !Ñ x “ 0

˘
.
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We easily obtain the result by 4.8 Rob. $c @x@y
`
x`y “ 0 !Ñ px “ 0 ^ y “ 0q

˘

n “ k ` 1 : we need to show

Rob. $c @x
´
x & k ` 1 !Ñ

`
x “ 0 _ x “ S0 _ . . . _ x “ k _ x “ k ` 1

˘¯
.

which really is

Rob. $c @x
´

Dy y`x “ k ` 1 !Ñ
`
x “ 0 _ x “ S0 _ . . . _ x “ k _ x “ k ` 1

˘¯
.

i.e.,

Rob. $c @x@y
´
y`x “ k ` 1 !Ñ

`
x “ 0 _ x “ S0 _ . . . _ x “ k _ x “ k ` 1

˘¯
.

We make use of the excluded middle:

$c @y
`
y “ 0 _ y ‰ 0

˘

and distinguish between the two cases:

y “ 0: by 4.1 Rob. $c @x
`
0`x “ k !Ñ x “ k

˘
we obtain

Rob. $c @x
`
0`x “ k ` 1 !Ñ x “ k ` 1

˘
.

y ‰ 0: by 2 @x Dy px ‰ 0 Ñ Sy “ xq what we need to show comes down to

Rob. $c @x@z
´
Sz`x “ k ` 1 !Ñ

`
x “ 0 _ x “ S0 _ . . . _ x “ k _ x “ k ` 1

˘¯
.

by 4.2 Rob. $c @x@y
`
Sy`x “ k !Ñ Spy`xq “ k

˘
we already know that

Rob. $c @x@z
`
Sz`x “ k !Ñ Spz`xq “ k

˘

so that we need to prove

Rob. $c @x@z
´
Spz`xq “ k ` 1 !Ñ

`
x “ 0 _ x “ 1 _ . . . _ x “ k _ x “ k ` 1

˘¯
.

By 3 @x @y pSx “ Sy Ñ x “ yq we only need to prove

Rob. $c @x@z
´
z`x “ k !Ñ

`
x “ 0 _ x “ 1 _ . . . _ x “ k _ x “ k ` 1

˘¯
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which is

Rob. $c @x
´

Dz z`x “ k !Ñ
`
x “ 0 _ x “ 1 _ . . . _ x “ k _ x “ k ` 1

˘¯

i.e.,

Rob. $c @x
´
x & k !Ñ

`
x “ 0 _ x “ 1 _ . . . _ x “ k _ x “ k ` 1

˘¯
.

By induction hypothesis one has

Rob. $c @x
´
x & k !Ñ

`
x “ 0 _ x “ 1 _ . . . _ x “ k

˘¯

so that we obtain the result very easily.

So we have proved the following two statements:

(1) Rob. $c @x@y
´
y “ 0 !Ñ

`
x`y “ k ` 1 !Ñ x “ k ` 1

˘¯
and

(2) Rob. $c @x@y

ˆ
y ‰ 0 !Ñ

´
x`y “ k ` 1 !Ñ

`
x “ 0 _ x “ 1 _ . . . _ x “ k

˘¯˙
.

Therefore, by an immediate application of the excluded middle we have proved the
result.

Example 2.9

For all integers n the following holds:

Rob. $c @x
`
x & n _ n & x

˘
. (4.11)

What we need to show is

Rob. $c @x
`
Dy y`x “ n _ Dy y`n “ x

˘
.

We make use of the excluded middle:

$c @x
`
x “ 0 _ x ‰ 0

˘

and distinguish between the two cases.

if x “ 0: we need to show

Rob. $c Dy y`0 “ n _ Dy y`n “ 0
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which is immediate by 4 @x x`0 “ x .

if x ‰ 0: what wee need to prove comes down to

Rob. $c @z
`
Dy y`Sz “ n _ Dy y`n “ Sz

˘
.

The proof goes by induction on n:

if n “ 0 : we need to prove

Rob. $c @z
`
Dy y`Sz “ 0 _ Dy y`0 “ Sz

˘
.

By 4 @x x`0 “ x this comes down to

Rob. $c @z
`
Dy y`Sz “ 0 _ Dy y “ Sz

˘

which is immediate.

if n “ k ` 1 : we need to prove

Rob. $c @z
`
Dy y`Sz “ k ` 1 _ Dy y`pk ` 1q “ Sz

˘
.

By 5 @x @y
`
x`Sy “ Spx`yq

˘
and 3 @x @y pSx “ Sy Ñ x “ yq this

amounts to proving

Rob. $c @z
`
Dy y`z “ k _ Dy y`k “ z

˘

which is exactly the induction hypothesis.

We have already proved the following results:

Lemma 2.2

(4.1) Rob. $c @x
`
0`x “ k !Ñ x “ k

˘

(4.2) Rob. $c @x@y
`
Sy`x “ k !Ñ Spy`xq “ k

˘

(4.3) Rob. $c @x0

`
i1 ` i2 “ x0 "Ñ x0 “ i1`i2

˘

(4.4) Rob. $c @x0

`
i1 ¨ i2 “ x0 "Ñ x0 “ i1¨i2

˘

(4.5) Rob. $c i ‰ 0 (any i P N, i ‰ 0)

(4.6) Rob. $c i ‰ j (any i, j P N, i ‰ j)
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(4.7) Rob. $c @x@y
`
y ‰ 0 !Ñ x`y ‰ 0

˘

(4.8) Rob. $c @x@y
`
x`y “ 0 !Ñ px “ 0 ^ y “ 0q

˘

(4.9) Rob. $c @x $x ( 0

(4.10) Rob. $c @x
`
x & n "Ñ px “ 0 _ x “ S0 _ . . . _ x “ nq

˘

(4.11) Rob. $c @x
`
x & n _ n & x

˘
.

Proof of Lemma 2.2:

See Examples 2.1, 2.2, 2.3, 2.4, 2.5, 2.6, 2.7, 2.8, 2.9.

Lemma 2.3

Let A # Nn`1 be representable. If the following function f P NpNn
q is total, then f is

representable.
fpi1, . . . , inq “ µk pk, i1, . . . , inq P A.

Proof of Lemma 2.3:

Assume ωpx0, x1, . . . , xnq represents the set A. We claim the function f is represented by
the formula

ωpx0, x1, . . . , xnq ^ @y ( x0 $ωpy, x1, . . . , xnq.

We need to show that for all i1, . . . , in P N

Rob. $c @x0

ˆ
fpi1, . . . , inq “ x0 "Ñ

´
ωpx0, i1, . . . , inq ^ @y ( x0 $ωpy, i1, . . . , inq

¯˙
.

(We write
!Ñ
i for i1, . . . , in and

!Ñ
i for i1, . . . , in)

(ñ) (1) by the very definition of f and the fact that ωpx0, x1, . . . , xnq represents A we
trivially have :

Rob. $c ωpfp
!Ñ
i q,

!Ñ
i

¯

which is equivalent to

Rob. $c @x0

´
fp

!Ñ
i q “ x0 !Ñ ωpx0,

!Ñ
i q

¯
.
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(2) To show

Rob. $c @x0

´
fp

!Ñ
i q “ x0 !Ñ @y ( x0 $ωpy,

!Ñ
i q

¯

we show the equivalent

Rob. $c @y
´
y ( fp

!Ñ
i q !Ñ $ωpy,

!Ñ
i q

¯

We have two cases

if fp
!Ñ
i q “ 0: we make use of 4.9 Rob. $c @x $x ( 0 which settles this case.

if fp
!Ñ
i q “ k ` 1: by the very definition of f and the fact that ωpx0, x1, . . . , xnq

represents A we trivially have :

Rob. $c $ωp0,
!Ñ
i q ^ $ωpS0,

!Ñ
i q ^ . . . ^ $ωpk,

!Ñ
i q

which sums up to

Rob. $c @y
´`

y “ 0 _ y “ S0 _ . . . _ y “ k
˘

!Ñ $ωpy,
!Ñ
i q

¯

by 4.10 Rob. $c @x
“
x & n "Ñ px “ 0 _ x “ S0 _ . . . _ x “ nq

‰
we

obtain

Rob. $c @y
`
y ( k ` 1 !Ñ py “ 0 _ y “ S0 _ . . . _ y “ kq

˘

which yields

Rob. $c @y
´
y ( k ` 1 !Ñ $ωpy,

!Ñ
i q

¯
.

(%) we need to show

Rob. $c @x0

ˆ´
ωpx0,

!Ñ
i q ^ @y ( x0 $ωpy,

!Ñ
i q

¯
!Ñ fp

!Ñ
i q “ x0

˙
.

We prove the result by contraposition, which means we prove

Rob. $c @x0

ˆ
fp

!Ñ
i q ‰ x0 !Ñ $

´
ωpx0,

!Ñ
i q ^ @y ( x0 $ωpy,

!Ñ
i q

¯˙
.

By 4.11 Rob. $c @x
`
x & n _ n & x

˘
we have

Rob. $c @x0

`
x0 & fp

!Ñ
i q _ fp

!Ñ
i q & x0

˘
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Which is also

Rob. $c @x0

`
x0 ( fp

!Ñ
i q _ fp

!Ñ
i q ( x0 _ x0 “ fp

!Ñ
i q

˘

so that we only need to prove

Rob. $c @x0

ˆ`
x0 ( fp

!Ñ
i q _ fp

!Ñ
i q ( x0

˘
!Ñ $

´
ωpx0,

!Ñ
i q ^ @y ( x0 $ωpy,

!Ñ
i q

¯˙
.

We will successively prove

(1) Rob. $c @x0

ˆ
x0 ( fp

!Ñ
i q !Ñ $

´
ωpx0,

!Ñ
i q ^ @y ( x0 $ωpy,

!Ñ
i q

¯˙
.

We have two cases:

if fp
!Ñ
i q “ 0: we make use of

4.9 Rob. $c @x $x ( 0

which settles this case.

if fp
!Ñ
i q “ k ` 1: by

4.10 Rob. $c @x
“
x & n "Ñ px “ 0 _ x “ S0 _ . . . _ x “ nq

‰

we obtain

Rob. $c @x0

`
x0 ( k ` 1 !Ñ px0 “ 0 _ x0 “ S0 _ . . . _ x0 “ kq

˘

and by the very definition of f :

Rob. $c $ωp0,
!Ñ
i q ^ $ωpS0,

!Ñ
i q ^ . . . ^ $ωpk,

!Ñ
i q

which gives

Rob. $c @x0

`
x0 ( k ` 1 !Ñ $ωpx0,

!Ñ
i q

˘

which settles this case.

(2) Rob. $c @x0

ˆ
fp

!Ñ
i q ( x0 !Ñ $

´
ωpx0,

!Ñ
i q ^ @y ( x0 $ωpy,

!Ñ
i q

¯˙
.

By the very definition of f :

Rob. $c ω
`
fp

!Ñ
i q,

!Ñ
i

˘
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Thus
Rob. $c @x0

´
fp

!Ñ
i q ( x0 !Ñ Dy ( x0 ωpy,

!Ñ
i q

¯

i.e.,

Rob. $c @x0

´
fp

!Ñ
i q ( x0 !Ñ $@y ( x0 $ωpy,

!Ñ
i q

¯

which yields what we want.

(1) and(2) finish the proof.

Theorem 2.1: Chinese remainder Theorem

Suppose n0, n1, . . . , nk are positive integers which are pairwise co-prime. Then, for any
given sequence of integers a0, a1, . . . , ak there exists an integer x solving the system of
simultaneous congruences

$
’’’&

’’’%

x ” a0 mod n0

x ” a1 mod n1
...

x ” ak mod nk.

Proof of Theorem 2.1:

We set
ε “

#

i!k

ni

and notice that for each i & k the two integers ni and ω
ni

are co-prime. By Bézout, there
exist coe”cients ci, di P Z such that

ci ¨ ni ` di ¨
ε

ni
“ 1

if we set
ei “ di ¨

ε

ni

we see that

#
ei ” 1 mod ni

ei ” 0 mod nj (any j ‰ i)
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It follows immediately that
ϱ “

ÿ

i!k

ai ¨ ei

is a solution to the system.

Lemma 2.4: Gödel’s ϱ-function

There exists some function ϱ P NpN3
q which is both representable and Prim. Rec. such

that for all k P N and every sequence n0, n1, . . . , nk there exist a, b P N such that

$
’’’&

’’’%

ϱp0, a, bq “ n0

ϱp1, a, bq “ n1
...

ϱpk, a, bq “ nk.

Proof of Lemma 2.4:

The function is defineda by

ϱpi, a, bq “ b 9́

ˆ„
b

api ` 1q ` 1

$
¨ papi ` 1q ` 1q

˙

This shows that it is Prim. Rec.. To show that ϱ is representable we consider the formula

x0 ( Spx2¨Sx1q ^ Dy & x3

´
y¨Spx2¨Sx1q

¯
`x0 “ x3

To show that this formula represents the function ϱ, we need to show that for all i1, i2, i3 P

N

Rob. $c @x0

´
ϱpi1, i2, i3q “ x0 "Ñ x0 ( Spi2¨Si1q ^ Dy & i3

`
y¨Spi2¨Si1q

˘
`x0 “ i3

¯

which is left as a tedious but straightforward exercise.

Now given n0, n1, . . . , nk, in order to find a and b, we consider any integer m that satisfies
both

(1) m ) k ` 1 (2) m! ) maxtn0, n1, . . . , nku.

We set a “ m! so that we make sure that a ` 1, a ¨ 2 ` 1, . . . , a ¨ k ` 1, a ¨ pk ` 1q ` 1 are
co-prime. To see this, we proceed by contradiction and consider there exists some prime
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number p that divides both api ` 1q ` 1 and apj ` 1q ` 1 for some 0 & i ( j & k. Then p
also divides

apj ` 1q ` 1 ´
`
api ` 1q ` 1

˘
“ apj ´ iq “ m!pj ´ iq

Since m ’ pj ´ iq holds, p divides m! which contradicts p divides m!pi ` 1q ` 1.

The Chinese Remainder Theorem (2.1) guarantees that there exists some integer b that
satisfies

$
’’’&

’’’%

b ” n0 mod a ` 1
b ” n1 mod a ¨ 2 ` 1

...
b ” nk mod a ¨ pk ` 1q ` 1.

We chose m such that a “ m! ) maxtn0, n1, . . . , nku in order to insure ni ( api ` 1q ` 1
for every integer i & k. This makes certain that for each i & k we have ϱpi, a, bq “ ni.

aωpi, a, bq is the remainder of the division of b by api ` 1q ` 1.

Lemma 2.5

If both functions g P NpNp
q and h P NpNp`2

q are representable, then the function f P NpNp`1
q

defined by recursion below is also representable.

#
fp

!Ñx , 0q “ gp
!Ñx q

fp
!Ñx , y ` 1q “ h

`
!Ñx , y, fp

!Ñx , yq
˘
.

Proof of Lemma 2.5:

We let !Ñx stand for x1, . . . , xp and assume g P NpNp
q and h P NpNp`2

q are represented
respectively by ωgpx0, !Ñx q and ωhpx0, !Ñx , xp`1, xp`2q.
We also consider the following formula that represents the ϱ-function a :

ωpx0, x1, x2, x3q :“ x0 ( Spx2¨Sx1q ^ Dy & x3

´
y¨Spx2¨Sx1q

¯
`x0 “ x3

Instead of ωpx0, x1, x2, x3q we prefer the formula ωεpx0, x1, x2, x3q below which also obvi-
ously represents ϱ but in a strong way.

ωεpx0, x1, x2, x3q :“ ωpx0, x1, x2, x3q ^ @y ( x0 $ωpy, x1, x2, x3q

because for any integers i, k we have
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Rob. $c @ã@b̃@x0

”“
ωεpk, i, ã, b̃q ^ ωεpx0, i, ã, b̃q

‰
!Ñ x0 “ k

ı
.

This holds because

Rob. $c @x0

“
x0 ‰ k !Ñ $px0 & k _ k & x0q _ x0 ( k _ k ( x0

‰

and by 4.11 Rob. $c @x
`
x & n _ n & x

˘
, this comes down to

Rob. $c @x0

“
x0 ‰ k !Ñ x0 ( k _ k ( x0

‰

and by the definition of both ωε and k we have

(1) Rob. $c @ã@b̃@x0

”“
ωεpk, i, ã, b̃q ^ x0 ( k

‰
!Ñ $ωεpx0, i, ã, @b̃q

ı

(2) Rob. $c @ã@b̃@x0

”“
ωεpk, i, ã, b̃q ^ k ( x0

‰
!Ñ $ωεpx0, i, ã, @b̃q

ı
.

which yields the following which is also logically equivalent to what we want:

Rob. $c @ã@b̃@x0

”“
x0 ‰ k ^ ωεpk, i, ã, b̃q

‰
!Ñ $ωεpx0, i, ã, b̃q

ı
.

The formula the we choose to represent f is the following formula ωf px0, x1, . . . , xp`1q. We
use the notation !Ñx “ x1, . . . , xp so that ωf px0, x1, . . . , xp`1q “ ωf px0, !Ñx , xp`1q :“

DãDb̃@ĩ & xp`1 Dy Dz

¨

˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̋

ĩ “ 0 !Ñ ωgpy, !Ñx q

"

ωεpy, ĩ, ã, b̃q

"

ωhpz, !Ñx , ĩ, yq

"

ωεpz, Sĩ, ã, b̃q

"

ωεpx0, xp`1, ã, b̃q

˛

‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‚

.

In order to show that this formula ωf px0, !Ñx , xp`1q represents f , we need to prove that for
all integers i1, . . . , ip, ip`1 (we write

!Ñ
i for i1, . . . , ip) we have
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Rob. $c @x0

¨

˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̋

DãDb̃@ĩ & ip`1 Dy Dz

¨

˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̋

ĩ “ 0 !Ñ ωgpy,
!Ñ
i q

"

ωεpy, ĩ, ã, b̃q

"

ωhpz,
!Ñ
i , ĩ, yq

"

ωεpz, Sĩ, ã, b̃q

"

ωεpx0, ip`1, ã, b̃q

˛

‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‚

"Ñ fp
!Ñ
i , ip`1q “ x0

˛

‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‚

.

(%) We first prove

Rob. $c @x0

¨

˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̋

fp
!Ñ
i , ip`1q “ x0 !Ñ DãDb̃@ĩ & ip`1 Dy Dz

¨

˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̋

ĩ “ 0 !Ñ ωgpy,
!Ñ
i q

"

ωεpy, ĩ, ã, b̃q

"

ωhpz,
!Ñ
i , ĩ, yq

"

ωεpz, Sĩ, ã, b̃q

"

ωεpx0, ip`1, ã, b̃q

˛

‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‚

˛

‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‚

.

We consider the sequence of integers fp
!Ñ
i , 0q, . . . , fp

!Ñ
i , ip`1q. Following the proof of

Lemma 2.4, we obtain two integers a and b to make the ϱ-function work. Since the
formulas ωε , ωg, ωh respectively represent the functions ϱ, g, h, we have
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Rob. $c ωε

`
gp

!Ñ
i q, 0, a, b

˘
^ ωg

`
gp

!Ñ
i q,

!Ñ
i

˘

together with

Rob. $c ωε

`
fp

!Ñ
i , ip`1q, ip`1, a, b

˘

and for each integer n ( ip`1

Rob. $c ωε

`
fp

!Ñ
i , nq, n, a, b

˘
^ ωh

´
fp

!Ñ
i , n ` 1q,

!Ñ
i , n, fp

!Ñ
i , nq

¯
^ ωε

`
fp

!Ñ
i , n ` 1q, Sn, a, b

˘
.

hence we have

Rob. $c @x0

¨

˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̋

fp
!Ñ
i , ip`1q “ x0 !Ñ

!

k!ip`1

¨

˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̋

k“ 0 !Ñ ωgpgp
!Ñ
i q,

!Ñ
i q

"

ωεpfp
!Ñ
i , kq, k, a, bq

"

ωh

`
fp

!Ñ
i , k ` 1q,

!Ñ
i , k, fp

!Ñ
i , kq

˘

"

ωεpfp
!Ñ
i , k ` 1q, Sk, a, bq

"

ωεpx0, ip`1, a, bq

˛

‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‚

˛

‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‚

.

from which we logically derive



128 Gödel & Recursivity

Rob. $c @x0

¨

˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̋

fp
!Ñ
i , ip`1q “ x0 !Ñ

!

k!ip`1

Dy Dz

¨

˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̋

k“ 0 !Ñ ωgpy,
!Ñ
i q

"

ωεpy, k, a, bq

"

ωhpz,
!Ñ
i , k, yq

"

ωεpz, Sk, a, bq

"

ωεpx0, ip`1, a, bq

˛

‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‚

˛

‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‚

.

Furthermore, we know from

4.10 Rob. $c @x
“
x & n "Ñ px “ 0 _ x “ S0 _ . . . _ x “ nq

‰

that

Rob. $c @ĩ
´
ĩ & ip`1 "Ñ

“
ĩ “ 0 _ ĩ “ 1 _ . . . _ ĩ “ ip`1

‰¯
.

Thus we obtain
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Rob. $c @x0

¨

˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̋

fp
!Ñ
i , ip`1q “ x0 !Ñ @ĩ & ip`1 Dy Dz

¨

˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̋

ĩ “ 0 !Ñ ωgpy,
!Ñ
i q

"

ωεpy, ĩ, a, bq

"

ωhpz,
!Ñ
i , ĩ, yq

"

ωεpz, Sĩ, a, bq

"

ωεpx0, ip`1, a, bq

˛

‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‚

˛

‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‚

and finally

Rob. $c @x0

¨

˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̋

fp
!Ñ
i , ip`1q “ x0 !Ñ Dã Db̃ @ĩ & ip`1 Dy Dz

¨

˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̋

ĩ “ 0 !Ñ ωgpy,
!Ñ
i q

"

ωεpy, ĩ, ã, b̃q

"

ωhpz,
!Ñ
i , ĩ, yq

"

ωεpz, Sĩ, ã, b̃q

"

ωεpx0, ip`1, ã, b̃q

˛

‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‚

˛

‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‚

which completes the first part of the proof.

(ñ) We need to show
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Rob. $c @x0

¨

˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̋

DãDb̃@ĩ & ip`1 Dy Dz

»

—————————————————————–

ĩ “ 0 !Ñ ωgpy,
!Ñ
i q

"

ωεpy, ĩ, ã, b̃q

"

ωhpz,
!Ñ
i , ĩ, yq

"

ωεpz, Sĩ, ã, b̃q

"

ωεpx0, ip`1, ã, b̃q

fi

%%%%%%%%%%%%%%%%%%%%%fl

!Ñ fp
!Ñ
i , ip`1q “ x0

˛

‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‚

which really is the following formula

Rob. $c @x0

¨

˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̋

DãDb̃@ĩ

»

—————————————————————–

ĩ & ip`1 !Ñ Dy Dz

»

—————————————————————–

ĩ “ 0 !Ñ ωgpy,
!Ñ
i q

"

ωεpy, ĩ, ã, b̃q

"

ωhpz,
!Ñ
i , ĩ, yq

"

ωεpz, Sĩ, ã, b̃q

"

ωεpx0, ip`1, ã, b̃q

fi

%%%%%%%%%%%%%%%%%%%%%fl

fi

%%%%%%%%%%%%%%%%%%%%%fl

!Ñ fp
!Ñ
i , ip`1q “ x0

˛

‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‚

.

By 4.10 Rob. $c @x
“
x & n "Ñ px “ 0 _ x “ S0 _ . . . _ x “ nq

‰
this is equiv-

alent to
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Rob. $c @x0

¨

˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̋

DãDb̃@ĩ

»

—————————————————————–

¨

˝
&

k!ip`1

ĩ “ k

˛

‚Ñ DyDz

»

—————————————————————–

ĩ “ 0 Ñ ωgpy,
!Ñ
i q

"

ωεpy, ĩ, ã, b̃q

"

ωhpz,
!Ñ
i , ĩ, yq

"

ωεpz, Sĩ, ã, b̃q

"

ωεpx0, ip`1, ã, b̃q

fi

%%%%%%%%%%%%%%%%%%%%%fl

fi

%%%%%%%%%%%%%%%%%%%%%fl

Ñ fp
!Ñ
i , ip`1q “ x0

˛

‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‚

.

which is equivalent to b

Rob. $c @x0

¨

˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̋

DãDb̃@ĩ

»

—————————————————————–

!

k!ip`1

¨

˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̋

ĩ “ k Ñ DyDz

»

—————————————————————–

ĩ “ 0 Ñ ωgpy,
!Ñ
i q

"

ωεpy, ĩ, ã, b̃q

"

ωhpz,
!Ñ
i , ĩ, yq

"

ωεpz, Sĩ, ã, b̃q

"

ωεpx0, ip`1, ã, b̃q

fi

%%%%%%%%%%%%%%%%%%%%%fl

˛

‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‚

fi

%%%%%%%%%%%%%%%%%%%%%fl

Ñ fp
!Ñ
i , ip`1q “ x0

˛

‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‚

which again is equivalent to
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Rob. $c @x0

¨

˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̋

DãDb̃

»

—————————————————————–

!

k!ip`1

Dy Dz

»

—————————————————————–

k“ 0 !Ñ ωgpy,
!Ñ
i q

"

ωεpy, k, ã, b̃q

"

ωhpz,
!Ñ
i , k, yq

"

ωεpz, Sk, ã, b̃q

"

ωεpx0, ip`1, ã, b̃q

fi

%%%%%%%%%%%%%%%%%%%%%fl

fi

%%%%%%%%%%%%%%%%%%%%%fl

!Ñ fp
!Ñ
i , ip`1q “ x0

˛

‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‚

which is equivalent to

Rob. $c @x0

¨

˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̋

DãDb̃ . . . DykDzk . . .loooooomoooooon
k!ip`1

»

—————————————————————–

!

k!ip`1

»

—————————————————————–

k“ 0 Ñ ωgpyk,
!Ñ
i q

"

ωεpyk, k, ã, b̃q

"

ωhpzk,
!Ñ
i , k, ykq

"

ωεpzk, Sk, ã, b̃q

"

ωεpx0, ip`1, ã, b̃q

fi

%%%%%%%%%%%%%%%%%%%%%fl

fi

%%%%%%%%%%%%%%%%%%%%%fl

Ñ fp
!Ñ
i , ip`1q “ x0

˛

‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‚

and also to
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Rob. $c @x0

¨

˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̋

DãDb̃ . . . DykDzk . . .loooooomoooooon
k!ip`1

»

—————————————————————–

!

k!ip`1

»

—————————————————————–

ωgpy0,
!Ñ
i q

"

ωεpyk, k, ã, b̃q

"

ωhpzk,
!Ñ
i , k, ykq

"

ωεpzk, Sk, ã, b̃q

"

ωεpx0, ip`1, ã, b̃q

fi

%%%%%%%%%%%%%%%%%%%%%fl

fi

%%%%%%%%%%%%%%%%%%%%%fl

!Ñ fp
!Ñ
i , ip`1q “ x0

˛

‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‚

and also to

Rob. $c @x0@ã@b̃ . . . @yk@zk . . .looooooomooooooon
k!ip`1

¨

˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̋

!

k!ip`1

»

—————————————————————–

ωgpy0,
!Ñ
i q

"

ωεpyk, k, ã, b̃q

"

ωhpzk,
!Ñ
i , k, ykq

"

ωεpzk, Sk, ã, b̃q

"

ωεpx0, ip`1, ã, b̃q

fi

%%%%%%%%%%%%%%%%%%%%%fl

!Ñ fp
!Ñ
i , ip`1q “ x0

˛

‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‚

.

Finally, making use of the following three facts:

(1) ωε represents ϱ in a strong way since we also have for all integers k, n

Rob. $c @ã@b̃@x0

”“
ωεpn, k, ã, b̃q ^ ωεpx0, k, ã, b̃q

‰
!Ñ x0 “ n

ı

(2) ωg represents g
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(3) ωh represents h

At last, by induction on ip`1 we show

Rob. $c @ã@b̃ . . . @yk@zk . . .looooooomooooooon
k!ip`1

¨

˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̋

!

k!ip`1

»

———————————————–

ωgpy0,
!Ñ
i q

"

ωεpyk, k, ã, b̃q

"

ωhpzk,
!Ñ
i , k, ykq

"

ωεpzk, Sk, ã, b̃q

fi

%%%%%%%%%%%%%%%fl

Ñ

!

k!ip`1

»

—————————–

y0 “ gp
!Ñ
i q

"

yk “ fp
!Ñ
i , kq

"

zk “ fp
!Ñ
i , k ` 1q

fi

%%%%%%%%%fl

˛

‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‚

.

ip`1 “ 0: we only need to prove

Rob. $c @ã@b̃@y0@z0

¨

˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̋

»

———————————————–

ωgpy0,
!Ñ
i q

"

ωεpy0, 0, ã, b̃q

"

ωhpz0,
!Ñ
i , 0, y0q

"

ωεpz0, S0, ã, b̃q

fi

%%%%%%%%%%%%%%%fl

!Ñ

»

—————————–

y0 “ gp
!Ñ
i q

"

y0 “ fp
!Ñ
i , 0q

"

z0 “ fp
!Ñ
i , 1q

fi

%%%%%%%%%fl

˛

‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‚

which directly follows from the fact that ωg and ωh represent respectively g and
h.

ip`1 “ n ` 1: we assume
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Rob. $c @ã@b̃ . . . @yk@zk . . .looooooomooooooon
k!n

¨

˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̋

!

k!n

»

———————————————–

ωgpy0,
!Ñ
i q

"

ωεpyk, k, ã, b̃q

"

ωhpzk,
!Ñ
i , k, ykq

"

ωεpzk, Sk, ã, b̃q

fi

%%%%%%%%%%%%%%%fl

!Ñ

!

k!n

»

—————————–

y0 “ gp
!Ñ
i q

"

yk “ fp
!Ñ
i , kq

"

zk “ fp
!Ñ
i , k ` 1q

fi

%%%%%%%%%fl

˛

‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‚

.

We only need to show

Rob. $c @ã@b̃@zn@yn`1@zn`1

¨

˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̋

»

———————————————–

zn “ fp
!Ñ
i , n ` 1q

"

ωεpzn, n ` 1, ã, b̃q

"

ωεpyn`1, n ` 1, ã, b̃q

"

ωhpzn`1,
!Ñ
i , n ` 1, yn`1q

fi

%%%%%%%%%%%%%%%fl

!Ñ

»

———–

yn`1 “ fp
!Ñ
i , n ` 1q

"

zn`1 “ fp
!Ñ
i , n ` 2q

fi

%%%fl

˛

‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‚

.

which holds because:

(1) since ωε represents ϱ in a strong way we have

Rob. $c @ã@b̃@yn`1

”“
ωεpfp

!Ñ
i , n ` 1q, n ` 1, ã, b̃q ^ ωεpyn`1, n ` 1, ã, b̃q

‰
Ñ yn`1 “ fp

!Ñ
i , n ` 1q

ı

(2) since ωh represents h we have

Rob. $c @ã@b̃@yn`1@zn`1

”“
ωhpzn`1,

!Ñ
i , n ` 1, yn`1q ^ yn`1 “ fp

!Ñ
i , n ` 1q

‰
Ñ zn`1 “ fp

!Ñ
i , n ` 2q

ı

To sum up things, we have obtained
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Rob. $c @x0@ã@b̃ . . . @yk@zk . . .looooooomooooooon
k!ip`1

¨

˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̋

!

k!ip`1

»

—————————————————————–

ωgpy0,
!Ñ
i q

"

ωεpyk, k, ã, b̃q

"

ωhpzk,
!Ñ
i , k, ykq

"

ωεpzk, Sk, ã, b̃q

"

ωεpx0, ip`1, ã, b̃q

fi

%%%%%%%%%%%%%%%%%%%%%fl

!Ñ

»

—————————–

yip`1 “ fp
!Ñ
i , ip`1q

"

ωεpyip`1 , ip`1, ã, b̃q

"

ωεpx0, ip`1, ã, b̃q

fi

%%%%%%%%%fl

˛

‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‚

.

Once again, since ωε strongly represents ϱ we have

Rob. $c @x0@ã@b̃
”“

ωεpfp
!Ñ
i , ip`1q, ip`1, ã, b̃q ^ ωεpx0, ip`1, ã, b̃q

‰
!Ñ x0 “ fp

!Ñ
i , n ` 1q

ı

which finishes the proof.

a
see the proof of Lemma 2.4.

b
we have pA_Bq !Ñ C ” "pA_Bq_C ” p"A^"Bq_C ” p"A_Cq^p"B_Cq ” pA !Ñ Cq^pB !Ñ Cq.

Theorem 2.2

All total recursive functions are representable.

Proof of Theorem 2.2:

An immediate consequence of Examples 2.1, 2.2 and 2.3 and Lemmas 2.1 , 2.3 and 2.5.
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